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The transverse momentum dependent helicity distributions of valence quarks are calculated in
the light-cone diquark model by adopting two different approaches. We use the model results
to analyze the Ph⊥-dependent double spin asymmetries for pi
+, pi−, and pi0 productions in semi-
inclusive deep inelastic scattering, and find that the asymmetries agree with the CLAS data in one
of the approaches. By taking the Fourier transform of the transverse momentum dependent helicity
distributions, we obtain the helicity distributions of valence quarks in the transverse coordinate
space, and then apply them further to predict the Bessel-weighted double spin asymmetries of
pi+, pi−, and pi0 productions in semi-inclusive deep inelastic scattering at CLAS, COMPASS, and
HERMES for the first time. The shape of the Bessel-weighted double spin asymmetry thereby
provides a direct probe on the transverse structure of longitudinally polarized quarks.
PACS numbers: 12.39.Ki, 13.60.-r, 13.88.+e, 14.20.Dh
I. INTRODUCTION
The quark helicity distribution, which measures the
net helicity of quarks in a longitudinally polarized nu-
cleon,
gq1(x) = f q↑/N↑(x) − f q↓/N↑(x) (1)
is an essential observable encoding the spin structure of
the nucleon [1, 2]. During the past two decades, the x
dependence of the helicity distribution has been studied
extensively, including the parametrizations [3–7] from
experimental data and model calculations [8–10]. How-
ever, the transverse momentum dependence [11, 12] of
the helicity distribution still remains poorly known. In
recent years, it is found that the quark transverse motion
plays a crucial role [13–19] through spin-orbit correlation
in certain spin phenomena, such as the single spin asym-
metries measured in semi-inclusive deep inelastic scat-
tering (SIDIS) [20–27] and elsewhere (see Ref. [28] and
references therein). On the other hand, the inclusion of
quark intrinsic transverse momentum can provide much
richer information about the nucleon structure [29, 30]
that cannot be obtained from the collinear picture. Thus
it is necessary to revisit the quark transverse motion ef-
fect to the quark helicity distribution, especially its trans-
verse momentum dependence that can help to build a
three-dimensional partonic structure of the longitudinal
polarized nucleon.
As a step toward a better understanding of this is-
sue, we study in this paper the transverse momentum
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dependent (TMD) helicity distribution of the valence
quarks, denoted by gq1L(x,p
2
T ), using the light-cone di-
quark model, which has been applied to calculate the x
dependence of the helicity distribution [9], the transver-
sity distribution [31, 32] and a number of other TMD
distributions [33–36]. We will calculate the TMD helicity
distribution in two different approaches corresponding to
two different options of the unpolarized TMD distribu-
tion. The TMD helicity distribution enters the descrip-
tion of the SIDIS process when the transverse momentum
of the final hadron Ph⊥ is measured. Using the model re-
sults from the light-cone diquark model, we calculate the
double spin asymmetry (DSA) of pion production in the
SIDIS process as a function of Ph⊥. The CLAS Collabo-
ration has measured [26] such asymmetry using a polar-
ized electron beam to collide a longitudinally polarized
proton target recently, and such measurement provides
the first experimental glimpse of the TMD helicity dis-
tribution.
Although it is possible to access the TMD helicity dis-
tribution from SIDIS data, usually one has to model the
quark transverse momentum dependence in phenomeno-
logical analysis because calculating the cross section dif-
ferentiated by Ph⊥ involves complicated convolution of
transverse momenta [37]. Conventionally, the convo-
lution can be resolved through the Ph⊥-weighted pro-
cedure [16, 38] in a model-independent way, and the
weighted cross section involves the transverse moments
of the TMD distributions. However, much of the infor-
mation about the explicit transverse momentum depen-
dence is lost in this way. An alternative approach has
been developed using the Bessel functions as weighting
functions in Ref. [39], where the authors show that the
convolution becomes a product of TMD distributions and
TMD fragmentation functions (FFs) in the Fourier space
2(also referred to as the transverse coordinate space, de-
noted by bT ) conjugate to pT . The TMD distributions
in the bT space thus can be measured directly by the
Bessel-weighted asymmetries whose expressions in lead-
ing twist have been given in Ref. [39]. This motivates us
to examine the Bessel-weighted DSA in SIDIS by model
calculation since it might be measured easier than other
Bessel-weighted asymmetries. To this end we calculate
the Fourier-transformed TMD helicity distribution in the
light-cone diquark model and make the prediction for the
Bessel-weighted DSA of pion production in SIDIS for the
first time. The results are presented at the kinematics of
CLAS, HERMES [40], and COMPASS [41], where there
are ongoing SIDIS programs or there are data that could
be analyzed.
The paper is organized as follows. In Sec. II, we briefly
introduce the calculation of the TMD helicity distribu-
tions of valence quarks in the light-cone diquark model
and discuss their properties. We then calculate the DSAs
of pi+, pi−, and pi0 productions in SIDIS. In Sec. III, we
calculate the valence helicity distributions in the Fourier
space and present the prediction of the Bessel-weighted
DSAs of three pions in SIDIS at CLAS, HERMES and
COMPASS. Finally, we provide summaries in Sec. IV.
II. TMD HELICITY DISTRIBUTIONS IN
Ph⊥-DEPENDENT DOUBLE SPIN
ASYMMETRIES
The TMD helicity distribution g1L(x, p
2
T ) is defined
through the matrix elements of the bilocal operator
g1L(x,p
2
T ) =
1
2
∫
dξ−d2ξT
(2pi)3
eip·ξ〈PSL|ψ¯(0)
× γ+γ5L(0, ξ)ψ(ξ)|PSL〉
∣∣∣∣
ξ+=0
, (2)
where L(0, ξ) is the gauge link ensuring the gauge invari-
ance of the definition. In this calculation the gauge link
is set to be trivial since the helicity distribution is T even.
One can insert a complete set of intermediate states
{n} into Eq.(2):
g1L(x,p
2
T ) =
1√
2
∑
n
∫
d3Pn
(2pi)32En
δ
(
(1− x)P+ − P+n
)
× δ2(pT + PnT )
{〈PSL|P+ψ(+)(0)|n〉2
−〈PSL|P−ψ(+)(0)|n〉2
}
, (3)
where ψ(+) =
1
2γ
−γ+ψ is the “good” component of the
quark field, and P± = 12 (1 ± γ5) are the helicity projec-
tion operators. Similarly the TMD unpolarized distribu-
tion has the form
f1(x,p
2
T ) =
1√
2
∑
n
∫
d3Pn
(2pi3)2En
δ
(
(1− x)P+ − P+n
)
× δ2(pT + PnT )
{〈P |P+ψ(+)(0)|n〉2
+〈P |P−ψ(+)(0)|n〉2
}
. (4)
The TMD helicity distribution has been calculated by
different models, such as the diquark spectator model [42,
43], the light-cone constituent quark model [44], the co-
variant parton model [45], and the bag model [46]; re-
cently it has also been studied by lattice QCD [47]. Here,
we adopt the light-cone diquark model [9, 48] to calcu-
late the valence TMD helicity distributions. The above
mentioned models have been widely applied to calculate
various TMD distributions [33–36, 42–46, 49], including
the T -even and T -odd distributions. Here a few com-
ments on these models are in order. The common feature
of the diquark spectator model [42, 43] and the light-
cone diquark model [9, 48] is that when every valence
quark is probed, one treats the other part of the nucleon
as a spectator and uses the diquark quantum numbers
to effectively take into account the spectator contribu-
tions. The advantage of the diquark-type models is that
the complicated many-particle system can be treated by
a two-particle technique. In the light-cone constituent
quark model [44], the proton state is described in terms
of three free on-shell valence quarks. The TMD distribu-
tions are calculated through the light-cone wavefunctions
that take into account the full dynamics of three valence
quarks. In the covariant parton model approach [45],
the partons are free, and are assumed to be described
in terms of three-dimensional spherically symmetric mo-
mentum distributions in the nucleon rest frame. Dif-
ferent from the above-mentioned models, the bag model
is the quark model which incorporates confinement, i.e.,
it describes the nucleon as three massless quarks con-
fined inside a sphere, modeled by the bag boundary con-
dition [46]. Both the covariant parton model and the
bag model support the Gaussian dependence of the quark
transverse momenta [50], while in the diquark model and
the light-cone constituent model the transverse momen-
tum dependent can be non-Gaussian.
In the SU(6) quark-diquark model, the proton state
with a spin component Sz = +
1
2 in the instant form can
be written as
|P ↑〉 = 1
3
sin θϕV
[
(ud)0u↑ −
√
2(ud)1u↓ −
√
2(uu)0d↑
+2(uu)1d↓
]
+ cos θϕS(ud)
Su↑, (5)
where the two quarks inside the brackets form the scalar
(S) or the vector (V ) diquarks, ↑/↓ denotes the posi-
tive/negative helicity of quarks, θ is the mixing angle
that breaks the SU(6) symmetry when θ 6= pi/4, and
ϕD(x,p
2
T ) is the wave function in the momentum space
for the quark-diquark system, which satisfies the normal-
ization condition
∫
dxd2pT
∣∣ϕD(x,p2T )∣∣2 = 3. So the cor-
rect valence quark numbers are satisfied. In addition, in
the light-cone diquark model the total valence quark mo-
mentum fractions can be adjusted from the phenomeno-
logical consideration.
Notice that the proton wavefunction in Eq. (5) is in the
instant form dynamics with equal t in an ordinary frame;
however, the parton distributions are usually expressed
in the infinite momentum frame or in the light-front dy-
3namics on the light cone. Thus, we need to transform the
wavefunction in the instant form to that in the light-cone
form. The connection between the two forms is through a
Melosh-Wigner rotation [51, 52]. For a spin-1/2 particle,
we use qT and qF to denote the instant and light-cone
spinors, respectively, and the Melosh-Wigner rotation is
known to be [52](
q↑T
q↓T
)
= ω
(
p+ +m −pR
pL p+ +m
)(
q↑F
q↓F
)
≡ M1/2
(
q↑F
q↓F
)
, (6)
where pR,L = p1 ± ip2, p+ = xMD, ω =[
(xMD +m)2 + p2T
]−1/2
with M2D = m
2+p2
T
x +
m2
D
+p2
T
1−x ,
m and mD are mass parameters for the quark and di-
quark, and M1/2 denotes the Melosh-Wigner rotation
matrix for the spin-1/2 particles. For the spin-0 scalar
diquark, there is no such transformation. For the spin-1
vector diquarks, the transformation is represented by a
3 × 3 matrix M1, whose explicit expression can also be
found in Refs. [53, 54]. In practice, we will not use the
explicit form, for it does not appear in the final expres-
sion for the spectator debris due to the unitary property
M1†M1 = I.
Substituting Eq. (6) into (5) and using Eq. (3), we
obtain the TMD helicity distributions for the valence u
and d quarks
guv1L(x,p
2
T ) =
1
16pi3
cos2 θϕ2SWS(x,pT )
− 1
48pi3
× 1
3
sin2 θϕ2VWV (x,pT ), (7)
gdv1L(x,p
2
T ) =−
1
24pi3
× 1
3
sin2 θϕ2VWV (x,pT ), (8)
where WD is the Melosh-Wigner rotation factor for the
helicity distribution with the form [9, 52]
WD(x,pT ) =
(xMD +m)2 − p2T
(xMD +m)2 + p2T
. (9)
Similarly the TMD unpolarized distributions are calcu-
lated as
fuv1 (x,pT ) =
1
16pi3
× (1
3
sin2 θϕ2V + cos
2 θϕ2S), (10)
fdv1 (x,pT ) =
1
8pi3
× 1
3
sin2 θϕ2V . (11)
The TMD helicity distributions thus are obtained by
combining Eqs. (7), (8) (10) and (11),
guv1L(x,p
2
T ) =
[
f
(uv)
1 (x,p
2
T )−
1
2
f
(dv)
1 (x,p
2
T )
]
WS(x,pT )
− 1
6
f
(dv)
1 (x,p
2
T )WV (x,pT ), (12)
gdv1L(x,p
2
T ) =−
1
3
f
(dv)
1 (x,p
2
T )WV (x,pT ). (13)
Performing the integration over pT , one arrives at the
integrated helicity distributions
guv1 (x) =
∫
d2pT g
uv
1L(x,p
2
T ), (14)
gdv1 (x) =
∫
d2pT g
dv
1L(x,p
2
T ), (15)
which have already been calculated in Ref. [9] in the light-
cone diquark model.
Equations. (12) and (13) show that the helicity dis-
tributions are connected to the unpolarized distributions
in the light-cone diquark model. Here, we employ two
approaches to calculate g1L(x,p
2
T ), corresponding to two
different choices for f q1 (x,p
2
T ). In Approach 1 we adopt
the Brodsky-Huang-Lepage prescription [55, 56] for the
wavefunction in the momentum space:
ϕD = AD exp
{
− 1
8α2D
[
m2q + p
2
T
x
+
m2D + p
2
T
1− x ]
}
, (16)
to calculate the unpolarized distributions f q1 (x,p
2
T ). In
Approach 2 we factorize the x dependence and the pT
dependence of f q1 (x,p
2
T ) and choose the Gaussian form
for the latter one in further
f q1 (x,p
2
T ) = f
q
1 (x)
1
pi〈p2T 〉qf
exp
(
−p2T
〈p2T 〉qf
)
, (17)
which has been used in many phenomenological appli-
cations. For the integrated distribution f q1 (x) appearing
in Eq. (17), we use the phenomenological input, i.e., the
leading order set of the MSTW2008 parametrization [57].
In both approaches the pT -dependence for the polarized
quarks is different from the Gaussian distribution which
is adopted in Ref. [11].
As a demonstration, in the upper panel and the lower
panel of Fig. 1, we show the three-dimensional shapes
of xguv1L(x,p
2
T ) and −xgdv1L(x,p2T ) calculated from the
light-cone diquark model using Approach 2, respectively.
In this calculation the unpolarized valence quark PDFs
fuv1 (x) and f
dv
1 (x) are chosen at the scale Q = 1.2 GeV,
and the Gaussian width for the unpolarized u and d
quarks is adopted as 〈p2T 〉qf = 0.25GeV [58]. Also we
choose the mass parameters as mq = 0.35GeV, MS =
0.6GeV, and MV = 0.8GeV, so that the sum of the
quark and the diquark masses is larger than the proton
mass in order to form a stable bound state.
Keeping the transverse momentum unintegrated, we
can also explore the properties of the TMD distributions
of quarks with positive helicity [denoted by q↑(x,p2T )]
and those with negative helicity [denoted by q↓(x,p2T )],
which can be obtained from the combination of f q1 (x,p
2
T )
and gq1L(x,p
2
T ),
q↑(x,p2T ) =
1
2
(
f q1 (x,p
2
T ) + g
q
1L(x,p
2
T )
)
, (18)
q↓(x,p2T ) =
1
2
(
f q1 (x,p
2
T )− gq1L(x,p2T )
)
. (19)
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FIG. 1: The three-dimensional demonstration of xguv1L(x,p
2
T )
(upper panel) and −gdv1L(x,p
2
T ) (lower panel) calculated by
the light-cone diquark model in Approach 2.
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FIG. 2: The pT profiles of u
↑
v(x,p
2
T )/u
↓
v(x,p
2
T ) (left panel)
and d↑v(x,p
2
T )/d
↓
v(x,p
2
T ) at x = 0.3 (thick lines) and x = 0.15
(thin lines) in Approach 1 (solid line)and Approach 2 (dashed
line).
In Fig. 2, we plot the ratios q↑(x,p2T )/q
↓(x,p2T ) for
q = uv and dv as functions of pT at x = 0.3 (thick lines)
and x = 0.15 (thin lines) in the light-cone diquark model
using Approach 1 and Approach 2. From our model
calculation we see that at small pT , the density of the
valence u quark with positive helicity is several times
larger than that with negative helicity at small pT ; but
the difference between u↑v(x,p
2
T ) and u
↓
v(x,p
2
T ) reduces
with increasing pT . For the d valence quark, the ratios
of the positive helicity density and negative helicity den-
sity are the same in both approaches. At smaller x and
larger transverse momentum, the u quark has net nega-
tive helicity, while the d quark tends to have net positive
helicity. These features are originated from the quark
transverse motion, which can be seen from the Melosh-
Wigner rotation factor in Eq. (9) that is negative for large
pT and small x.
In principle, the TMD helicity distributions can be ac-
cessed in the SIDIS process [? ] by employing the lon-
gitudinally polarized lepton beam off the longitudinally
polarized nucleon target, when the transverse momen-
tum of the final fragmenting hadron is measured. The
CLAS Collaboration at JLab has performed such a mea-
surement for the pi+, pi−, and pi0 productions [26]. In
the following we will use our model resulting TMD he-
licity distributions to study the phenomenology of pion
production in the double polarized SIDIS process.
The differential cross section of the double longitudi-
nally polarized SIDIS has the general form [59, 60]
dσ
dxdy dzdP 2h⊥dφ
=
2piα2
xyQ2
(
1 +
γ2
2x
)
{A(ε)FUU,T
+λeS||B(ε) FLL
}
, (20)
where the higher-twist contribution [11] has not been
considered. The factors A(ε) and B(ε) are the depo-
larization factors with the forms
A(ε) =
y2
2(1− ε) ≈
(
1− y + 12 y2
)
, (21)
B(ε) =
y2
2(1− ε)
√
1− ε2 ≈ y (1− 12 y) . (22)
The approximations hold in the limit γ = 2Mx/Q → 0.
In the leading order of TMD factorization [61] the two
structure functions FUU,T and FLL are expressed as
FUU,T = x
∑
q
e2q
∫
d2pT
∫
d2KT δ
2(zpT − Ph⊥ +KT )
× f q1 (x,p2T )Dq1(z,K2T ), (23)
FLL = x
∑
q
e2q
∫
d2pT
∫
d2KT δ
2(zpT − Ph⊥ +KT )
× gq1L(x,p2T )Dq1(z,K2T ). (24)
Here, KT is the transverse momentum of the final pion
with respect to the momentum of the fragmenting quark,
and Ph⊥ is the transverse momentum of the pion with
respect to the photon momentum in the target rest frame.
For the TMD FFs needed in the calculation, we assume
that their KT dependence has a Gaussian form
Dq1
(
z,K2T
)
= Dq1(z)
1
pi〈K2T 〉
exp(−K2T/〈K2T 〉) , (25)
and we choose the Gaussian width 〈K2T 〉 = 0.20GeV [58]
for the u and d quarks. For the collinear FFs we adopt
the leading-order set of the Kretzer parametrization [62].
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FIG. 3: Double spin asymmetries A1 for the pi
+, pi−, and
pi0 productions as functions of the pion transverse momen-
tum Ph⊥. The dashed and the solid curves correspond to the
predictions using the TMD unpolarized and helicity distribu-
tions from Approach 1 and 2 of the light-cone diquark model,
respectively. Data are from [26].
The DSA in SIDIS can be measured through
ALL(x, z, PT ) =
dσ↑↑ − dσ↑↓ − dσ↓↑ + dσ↓↓
dσ↑↑ + dσ↑↓ + dσ↓↑ + dσ↓↓
=
1
xyQ2
(
1 + γ
2
2x
)
B(ε)FLL
1
xyQ2
(
1 + γ
2
2x
)
A(ε)FUU,T
, (26)
where ↑/↓ denotes the positive/negative helicity of the
lepton and the nucleon, respectively. On the other hand,
one may define the DSA that is scaled by the depolariza-
tion factors
A1 =
A(ε)
B(ε)
ALL =
1
xyQ2
(
1 + γ
2
2x
)
FLL
1
xyQ2
(
1 + γ
2
2x
)
FUU,T
, (27)
which is consistent with the measurement by the CLAS
Collaboration [26].
In Fig. 3, we plot the Ph⊥-dependent DSAs defined in
Eq. (27) for the pi+, pi−, and pi0 productions at the CLAS
kinematics,
Ee = 5.7GeV, 0.12 < x < 0.48, y < 0.85,
0.4 < z < 0.7, 0.9GeV2 < Q2 < 5.4GeV2, (28)
W 2 > 4GeV2, Mx(epi
0) > 1.4GeV.
and compare them with the CLAS data [26]. The dashed
and the solid curves correspond to the predictions using
the TMD unpolarized and helicity distributions from Ap-
proach 1 and 2 of the light-cone diquark model, respec-
tively. It is found that the TMD distributions in Ap-
proach 2 agree with the CLAS data generally, that is, we
predict that the asymmetries for all three pion channels
have the tendency to fall off at large Ph⊥. However, the
model has the difficulty to explain the positive slope for
pi− production at the moderate PT region. In Ref. [26]
〈p2T 〉
uv
f 〈p
2
T 〉
dv
f 〈p
2
T 〉
uv
g 〈p
2
T 〉
dv
g
Approach 1 0.25 GeV2 0.25 GeV2 0.14GeV2 0.13 GeV2
Approach 2 0.10 GeV2 0.10 GeV2 0.08GeV2 0.08 GeV2
TABLE I: The mean square momenta of the unpolarized and
the polarized quarks in Approach 1 and Approach 2.
the PT dependence of the double-spin asymmetry was in-
terpreted by difference widths of the quark TMD distri-
butions with different flavor and polarizations [11] result-
ing from different orbital motion of quarks polarized in
the direction of the proton spin and opposite to it [8, 12].
In Table. I we list the widths for the polarized quarks
that are defined as
〈p2T 〉qg =
∫ xmax
xmin
dx
∫
d2pT p
2
T g
q
1L(x,p
2
T )∫ xmax
xmin
dx
∫
d2pT g
q
1L(x,p
2
T )
, (29)
in the light-cone diquark, together with the widths for
the unpolarized quarks. The integrating limits for x are
chosen as xmin = 0.1 and xmax = 0.9, corresponding
to the valence region. In both cases, the widths for the
polarized u and d valence quarks are almost the same.
The ratio 〈p2T 〉g/〈p2T 〉f is around 0.52− 0.56 in Approach
2, while that in Approach 1 is 0.8.
III. HELICITY DISTRIBUTION IN FOURIER
SPACE AND BESSEL-WEIGHTED DSA
Because the structure functions given in Eqs.(23) and
(24) involve the convolution of the transverse momenta of
partons, it is not easy to obtain directly the information
of TMD distributions when Ph⊥ is measured. In Ref. [39],
Boer, Gamberg, Musch and Prokudin developed a frame-
work to avoid the convolution of the transverse momenta
through the so-called Bessel-weighted procedure. In this
framework, instead of the TMD distributions, the Fourier
transformation of them [denoted by f˜ q(x, b2T )] can be ac-
cessed directly by measuring the Bessel-weighted asym-
metries, where bT is the transverse position of partons
conjugate to pT . Thus, f˜
q(x, b2T ) are also referred to as
the parton distributions in the transverse position space.
Once f˜ q(x, b2T ) are measured, the TMD distributions can
be obtained by the inverse Fourier transformation on
f˜ q(x, b2T ). The Fourier-Bessel transforms is also useful
in studying the factorization as well as the scale depen-
dence of the TMD cross section [63–69].
In this section, we study the helicity distribution in the
transverse position space and the related phenomenology
in SIDIS processes using the Bessel-weighted framework
developed in Ref. [39]. Using the identity
δ2(zpT − Ph⊥ +KT ) =
∫
d2bT
(2pi)2
eibT ·(zpT−Ph⊥+KT ),
(30)
6the integrations over the transverse momenta in Eqs. (23)
and (24) are deconvoluted [39, 68]:
FUU,T =x
∑
q
e2q
∫
d|bT |
2pi
|bT |J0(|bT ||Ph⊥|)
× f˜ q1 (x, z2b2T ) D˜q1(z, b2T ), (31)
FLL =x
∑
q
e2q
∫
d|bT |
2pi
|bT |J0(|bT ||Ph⊥|)
× g˜q1L(x, z2b2T ) D˜q1(z, b2T ), (32)
where the functions with a tilde are the Fourier trans-
forms of the TMD distributions and FFs,
f˜ q1 (x, z
2b2T ) =
∫
d2pT e
izbT ·pT f q1 (x,p
2
T ), (33)
g˜q1L(x, z
2b2T ) =
∫
d2pT e
izbT ·pT gq1L(x,p
2
T ), (34)
D˜q1(z, b
2
T ) =
∫
d2pT e
ibT ·pTDq1(z,p
2
T ). (35)
The Bessel-weighted asymmetry corresponding to the
DSA defined in Eq. (27) can be obtained by the weighting
function J0(|BT ||Ph⊥|), with BT the transverse coordi-
nate conjugate to Ph⊥ [39]:
A
J0(|BT ||Ph⊥|)
1 (BT )
=
1
xyQ2
(
1 + γ
2
2x
) ∫
d|Ph⊥||Ph⊥|J0(|BT ||Ph⊥|)FLL
1
xyQ2
(
1 + γ
2
2x
) ∫
d|Ph⊥||Ph⊥|J0(|BT ||Ph⊥|)FUU,T
=
1
yQ2
(
1 + γ
2
2x
) ∑
q e
2
a g˜
q
1L(x, z
2
B
2
T ) D˜
q
1(z,B
2
T )
1
yQ2
(
1 + γ
2
2x
) ∑
q e
2
a f˜
q
1 (x, z
2B
2
T ) D˜
q
1(z,B
2
T )
, (36)
where convolutions of TMD distributions and FFs be-
come simple products. Another advantage of the Bessel-
weighted asymmetries is that the universal soft fac-
tors appearing in the numerator and the denominator
of Eq.(36) cancel [39]. In principle the hard parts HLL
and HUU,T for the polarized and unpolarized subpro-
cess [68] should also present in the numerator and the de-
nominator of Eq. (36). At higher order they may receive
different corrections. However, the calculation of the
hard parts at one-loop order shows that HLL = HUU,T .
Thus it is a quite good approximation to use Eq. (36) to
perform numerical calculation. Furthermore, in the case
of Ph⊥-dependent asymmetry the leading-order expres-
sion (27) can describe the data, as we have shown in the
previous section.
We use Approach 2 in the light-cone diquark model to
study the Bessel-weighted DSA. According to Eqs. (39)
and (25), in this approach the unpolarized distribution
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FIG. 4: The three-dimensional demonstration of xg˜uv1L(x, b
2
T )
(upper panel) and −g˜dv1L(x,b
2
T ) (lower panel) calculated by
the light-cone diquark model in Approach 2.
and FFs in the Fourier space have the analytic forms
f˜ q1 (x, b
2
T ) =
∫
d2pT e
ibT ·pT f
q
1 (x)
pi〈p2T 〉qf
exp
(
−p2T
〈p2T 〉qf
)
= f q1 (x) exp
(
−b2T 〈p2T 〉qf
4
)
(37)
D˜q1(z, b
2
T ) =
∫
d2KT e
ibT ·KTDq1(z,K
2
T )
= Dq1(z) exp
(−b2T 〈K2T 〉
4
)
. (38)
Thus the Gaussian widths for f˜ q1 (x, b
2
T ) and D˜
q
1(z, b
2
T ) are
4/〈p2T 〉qf and 4/〈K2T 〉, respectively. In our model the helic-
ity distributions in the Fourier space cannot be obtained
analytically. We calculate them numerically instead, and
show the three-dimensional shapes of xg˜uv1L(x, b
2
T ) and
−xg˜dv1L(x, b2T ) in Fig. 4. We see that both of them are
sizable in the region bT < 1 fm, and approach zero at
bT = 2 fm.
The Bessel-weighted DSAs as functions of BT for pi+,
pi−, and pi0 productions at the CLAS kinematics (28)
are plotted in Fig. 5. The solid curves are the results
from Approach 2 in the light-cone diquark model. As a
comparison, we also present the prediction by using the
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FIG. 5: The Bessel-weighted DSAs A
J0(|BT ||Ph⊥|)
1 for pi
+,
pi−, and pi0 productions as functions of BT at CLAS. The
solid lines are from the Approach 2 of the light-con diquark
model, while the dashed line and the dotted lines are from
the Gaussian ansatz for the TMD helicity distributions with
〈p2T 〉
q
g = 0.17 GeV and 0.10 GeV
2, respectively.
TMD helicity distributions adopted in Ref. [11], where
gq1(x,p
2
T ) has a Gaussian dependence for pT ,
gq1L(x,p
2
T ) = g
q
1(x)
1
pi〈p2T 〉qg
exp
( −p2T
〈p2T 〉qg
)
, (39)
and gq1(x) is taken from the GRSV2000 leading-order
parametrization [4]. The results are shown by the dashed
and dotted curves for 〈p2T 〉qg = 0.17GeV2 and 0.10 GeV2,
respectively. Although the TMD helicity distributions
from the light-cone diquark model (Approach 2) and from
the Gaussian ansatz can both describe the CLAS data,
their predictions for the Bessel-Weighted DSAs are ap-
parently different, especially for the pi+ production. Thus
we expect that the measurement of the Bessel-weighted
DSAs can shed light on the helicity distribution in the
Fourier space.
In calculating the curves in Fig. 5, we have used the last
line of Eq. (36) where the whole range of Ph⊥ has been in-
tegrated over. As a check, we also calculateA
J0(|BT ||Ph⊥|)
1
using the integration limit 0GeV < Ph⊥ < 1.12GeV ac-
cording to the kinematical cuts at CLAS. We find that
the difference of these two results is about one percent,
which agrees with the conclusion in Ref. [39] that the
contribution of the large Ph⊥ tail is suppressed in the
Bessel-weighted integrals. This is important such that
Eq. (36) can be used in phenomenological analysis to
extract g˜1L(x, q
2
T ) directly without worrying about the
large Ph⊥ contribution.
In Fig. 6, we plot the sizes of the numerator and the
denominator of Eq. (36) as functions of BT for pi+ pro-
duction, calculated from the light-cone diquark model.
The result shows that the measured differential cross sec-
tion in the Fourier space will decrease almost exponen-
tially with increasing BT . Thus the region where BT is
not so large can be explored in SIDIS. In the case the
BT < 1.5 fm region is measured, it will provide the infor-
mation of g˜1L(x, b
2
T ) in the region bT = zBT < 1 fm at
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FIG. 6: The sizes of the numerator (solid line) and the de-
nominator (dashed line) of Eq. (36) as functions of BT for pi
+
production.
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FIG. 7: Same as Fig. 5, but for the HERMES kinematics.
CLAS, where g˜1L(x, b
2
T ) should be sizable.
An interesting phenomenon is that all the Bessel-
weighted asymmetries for the three pions increase with
increasing BT . This can be explained by the fact that
the mean square of bT for the polarized distribution in
the Fourier space
〈b2T 〉qg =
∫ xmax
xmin
dx
∫
d2bT b
2
T g˜
q
1L(x, b
2
T )∫ xmax
xmin
dx
∫
d2bT g˜
q
1L(x, b
2
T )
, (40)
is larger than the width 〈b2T 〉qf of the unpolarized distribu-
tion, which is opposite to the case of TMD distributions
because bT is conjugate to pT . Explicitly, in Approach
2 of the light-cone diquark model we obtain 〈b2T 〉uvg =
1.45 fm2, 〈b2T 〉uvg = 1.40 fm2, and 〈b2T 〉qf = 0.62 fm2.
DSAs for meson production in SIDIS as functions of x
have also been measured at HERMES [40] by scattering
a 27.6 GeV positron beam off longitudinally polarized
hydrogen and deuterium targets, as well as at COM-
PASS [41] by collision of a 160 GeV muon beam on a
longitudinally polarized NH3 target. In Figs. 7 and 8,
we present the prediction for the Bessel-weighted DSAs
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FIG. 8: Same as Fig. 5, but for the COMPASS kinematics.
of pi+, pi−, and pi0 productions off a proton target in
SIDIS at HERMES and COMPASS, using Approach 2
of the light-cone diquark model as well as the TMD he-
licity distributions from Ref. [11] for comparison. The
kinematical cuts applied in the calculations are
0.023 < x < 0.6, y < 0.85,
0.2 < z < 0.8, Q2 > 1GeV2, W 2 > 10GeV2 (41)
for HERMES [40], and
0.004 < x < 0.7, 0.1 < y < 0.85,
0.02 < z < 1, Q2 > 1GeV2, W 2 > 25GeV2 (42)
for COMPASS [41]. Again we observe that the Bessel-
weighted asymmetries for the three pions increase with
increasing BT at HERMES and COMPASS. The differ-
ence is that the asymmetries at HERMES and COM-
PASS are smaller than that at CLAS, this is because the
HERMES and COMPASS can probe the smaller x re-
gion where the helicity distributions are small compared
to the unpolarized TMD distributions.
IV. CONCLUSION
In summary, we study the helicity distributions of va-
lence quarks in the transverse momentum space and the
transverse coordinate space. The TMD helicity distri-
butions of valence u and d quarks are calculated in the
light-cone diquark model by adopting two different ap-
proaches. By comparing the pT dependence of the he-
licity distributions at different x, we find that at small
x and large pT , the valence u quark has net negative
helicity while the d quark tends to have net positive he-
licity. We thus use our model results to analyze the Ph⊥-
dependent DSAs of pi+, pi−, and pi0 productions in SIDIS,
and compare them with the data measured by the CLAS
Collaboration. We find that the asymmetries calculated
in Approach 2 of the light-cone diquark model agree with
the CLAS data. We then calculate the valence helicity
distributions in the Fourier space using Approach 2 of the
light-cone diquark model, and use them to predict the BT
shape of Bessel-weighted DSAs for pi+, pi−, and pi0 pro-
ductions in SIDIS at CLAS, COMPASS and HERMES
for the first time. Because the mean square transverse
position of the polarized quarks is larger than that of the
unpolarized quarks, the Bessel-weighted asymmetries for
all three pions increase with increasing BT . The contribu-
tions from large Ph⊥ region to the Bessel-weighted DSAs
are calculated numerically and found to be negligible.
Our study suggests that the Bessel-weighted asymmetry
A
J0(|BT ||Ph⊥|)
1 may be measured in the double polarized
SIDIS and provides a straightforward access to the helic-
ity distributions in the coordinate space.
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